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Abstract 

We define a relative Yamabe invariant of a smooth manifold with given confor- 
mal class on its boundary. In the case of empty boundary the invariant coincides 
with the classic Yamabe invariant. We develop approximation technique which 
Q | leads to gluing theorems of two manifolds along their boundaries for the relative 

• Yamabe invariant. We show that there are many examples of manifolds with both 

& . positive and non-positive relative Yamabe invariants. 

1 Introduction 

1.1. General setting. Let W be a compact smooth manifold with boundary, dW 
M^0, and n = dimly > 3. Let IZiemiW) be the space of all Riemannian metrics on 
W. For a metric g G TZiem(W) we denote Hg the mean curvature along the boundary 
dW = M, and g = §\m- We also denote [g] and [g] the corresponding conformal 
classes, and C(M) and C(W) the space of conformal classes on M and W respectively. 
' Let C and C be conformal classes of metrics on W and M respectively. We say that 
C is the boundary of C or C is a coboundary of C if C\m = C. We use notation 
dC = C in this case. Let C(W,M) be the space of pairs (C,C), such that dC = C. 
Denote C° = {g G C \ Hg = } . We call C° C C the normalized conformal class. Let 
C°(W,M) be the space of pairs (C°,C), so that C° C C, and (C,C) G C(W,M). It 
is easy to observe (see [5, formula (1.4)]) that for any conformal class C G C{W) the 
subclass C° is not empty. Thus there is a natural bijection between the spaces C°(W, M) 
and C(W, M). Let g G C° be a metric. Then C° may be described as follows: 



C" = {u—ig | u G C™(W) such that = along M 

Here v is a normal unit (inward) vector field along the boundary, and C^(W) is the 
space of positive smooth functions on W. 
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1.2. The Einstein-Hilbert functional. Let C G C(M) be given. We define the 
following subspaces of metrics: 

TZiem c (W, M) = {g G 7&em(W) | d[g] = C} , 

Kiem° c (W, M) = {g G 7aem c (W) | H- g = 0} . 
We consider the normalized Einstein-Hilbert functional / : 1Ziem c (W, M) — > R given by 

Iw R 3 da 9 

VolgfW) n 

where Rg and is the scalar curvature, and dag is the volume element. As in the case of 
closed manifolds, we have the following result. 

Theorem 1.1. Critical points of the functional I on the space IZiem^iW, M) coincide 
with the set of Einstein metrics g on W with d[g] = C, and Hg = 0. 

We postpone the proof of Theorem 1.1 to Section 3. 

1.3. Relative Yamabe invariants. Similarly to the case of closed manifolds, the 
functional I is not bounded. Precisely, it is easy to prove that for any manifold W, 
dW = M, dimW^ > 3, and any conformal class C G C(M) 

inf geracmO,(w,M) / (^) = -oo> and sup seniem o c{w>M) I(g) = oo. 

Let {C,C) G C(W, M). We define the relative Yamabe constant of (C,C) as 

Y C (W,M;C)= inf 1(g). 

gee 

Remark. We notice that the Yamabe constant Y^(W, M; C) coincides with the constant 
Q(W) (up to a universal positive factor depending only on the dimension of W) defined 
by J. Escobar [5] for each pair of conformal classes (C, C) G C(W : M). 

Clearly the Yamabe constant Yq(W, M; C) must be related to the Yamabe problem on 
a manifold with boundary, which was solved by P. Cherrier [4] and J. Escobar [5] under 
some restrictions. Indeed, P. Cherrier proved the existence of a minimizer for the Yamabe 
functional I\qo provided 

YciW.M-C) <Y [ao] {S n + ,S n ' l -[g,]). (1) 

Here 5" is a round hemisphere with standard metric g , and S" 1 ' 1 C 5" the equator 
with g = g \ S n-i. More generally, J. Escobar [5] solved the Yamabe problem under 
restrictions we list below. We emphasize that the Escobar's result includes the case 
when the inequality (1) is satisfied. Here is the list of restrictions given in [5]: 

(a) n > 6 

(b) M = dW is umbilic in W , , 

(c) the Weyl tensor W c = on M ^ ' 

(d) the Weyl tensor Wc ^ on W. 
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Notice that the conditions (2) are conformally invariant. We denote 



C Esc (W, M) = <j (C, C) G C(W, M) 



at least one of the conditions 
(a)-(d) from (2) is not satisfied 

Remark. It is easy to see that C Esc (W, M) C C(W, M) is open dense. 
We state the Escobar's result using the terms introduced above. 

Theorem 1.2. (Escobar, [5, Theorem 6.1]) Let (W, M) be a compact manifold with 
boundary, and ((7,(7) G C Esc (W,M). Then there exists a metric g G C° such that 
Y(j(W, M; C) = I{g). Such metric g is called a relative Yamabe metric. 

Remark. A relative Yamabe metric g G C°, of course, has constant scalar curvature 
R- g = Yc(W : M; C) ■ Vol s (W)-". 

We define the relative Yamabe invariant with respect to a conformal class C G C(M): 

Y(W,M,C)= sup Y C (W,M;C). 

C,dC=C 

Then we would like to define the following relative Yamabe invariants: 

Y(M;C) = sup Y(W,M;C), 

W,dW=M 

Y(W,M) = sup Y(W,M;C), 
ceC(M) 

Y(M) = sup Y(W;M). 

W,dW=M 

The invariants Y(W, M; C), Y(M; C) have clear geometric meaning in terms of positive 
scalar curvature (abbreviated as psc). We call a conformal class C G C(M) positive if 
the Yamabe constant Yc(M) > 0. Of course, it means that a Yamabe metric g G C 
has positive constant scalar curvature. The following statement follows from the above 
definitions. 

Claim 1.3. 

(1) Let C G C(M) be a positive conformal class. Then 

• Y(W, M; C) > if and only if any psc-metric g G C may be extended conformally 
to a psc-metric gonW with Hg = 0. 

• Y(M; C) > if and only if for any psc-metric g G C there exists a manifold W, so 
that g may be extended conformally to a psc-metric g on W with Hg = 0. 

(2) The invariants Y(W,M), Y(M) are diffeomorphism invariants. 

We present our main results on the relative Yamabe invariant in the next section. 
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Schick for useful discussions and their hospitality while we visited the University of 
Tsukuba and during our visit at Minister. The second author would like to thank Michael 
Joachim, Wolfgang Luck, and the members of the geometry-topology in Miinster for very 
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2 Overview of the results 



2.1. Minimal boundary condition and approximation theorems. First, one can 
notice that the minimal boundary condition Hg = is too weak for applications. For 
instance, to apply a relative index theory, one needs much stronger condition that a 
metric g is a product metric near the boundary. 

The closest differential-geometric approximation to the product metric near the boundary 
is when a boundary is totally geodesic. In more detail, let g G TZiem^iW, M), g = c/\m, 
and, as above Ag = (A^ be the second fundamental form of M — dW with respect to 
g. The boundary M = dW is said to be totally geodesic if Ag vanishes identically on 
M. Clearly any metric from the normalized conformal class [g]° is totally geodesic if g 
is. We call the conformal class [g] of such metric g umhilic. We denote CQ m (W, M) C 
Cc(W, M) := [C G C(W) | C\m = C} the subspace of umbilic conformal classes. 

Our first aim is to prove a generalization (Proposition 4.5) of the approximation theorem 
due to Kobayashi [10]. We show that any metric g with totally geodesic boundary is 
C^close to a metric g which is conformally equivalent to a product metric near the 
boundary. Moreover, we show that the scalar curvature Rg is C°-close to R g of g. 

Next, we prove the approximation Theorem 4.6 under the minimal boundary condition. 
Theorem 4.6 gives us a fundamental tool on the relative Yamabe invariant. In particular, 
we prove the following result. 

Theorem 2.1. For any C G Cc(W, M), and any e > there exists a conformal class 
C G C£ m (W, M), and a metric g eC°, such that 

{C and C are C°-close conformal classes 
\Yc(W,M;C)-Y c ,(W,M;C)\<e (3) 
g ~ g + dr 2 (conformally equivalent near M), 

where C = dC and g = §\m- More precisely, 

4 

g = (l + y/(x)^ 2 (g + dr 2 ) near M, where 

f(x) = -^(R s -R 9 + Z\A- g \ 2 g ) onM. 
We define the "umbilic Yamabe invariant" Y um (W, M; C) as 

Y um {W,M;C) = sup Y 6 (W,M;C). 

cec% m (w,M) 

Theorem 2.1 leads to the following conclusion. 
Corollary 2.2. Y um (W,M;C) = Y(W : M; C). 

2.2. Gluing Theorem. We analyze the gluing procedure for manifolds equipped with 
conformal structures. Let W±, W 2 be two compact manifolds, dimW^i = dimW^ > 3, 
with boundaries 

dWi = Mi = M U M, and dW 2 = M 2 = M U M' 



4 



endowed with conformal classes C x = C U C E C(Mi), C 2 = C U C E C(M 2 ), where 
C E C(M ), C E C(M), C E C(M'). Let W = W 1 U Mo (~W 2 ) be the boundary 
connected sum of W\ and W 2 along M . 

We study the case when the conformal class Cq E C(M ) is positive, and the relative 
Yamabe invariants Y(Wj, M,-; Cj), j — 1,2 are positive as well. We essentially use the 
approximation Theorem 4.6 to prove the following result (Theorem 5.1): 

Theorem 2.3. Let C E C(M ) he a positive conformal class, and Y(Wj, Mj;Cj) > 
for j = 1, 2. Then Y(W, dW; CUC')>0. 

In particular, this result allows us to construct many examples with positive relative 
Yamabe invariants (Theorem 5.2). 

2.3. Non-positive Yamabe invariant. Let W be a compact smooth n-manifold with 
boundary dW = M^f, and M = M U M 1 . (Here M 1 may be empty.) Let (C, C = 
Co U Ci) be a pair of conformal classes on (W 7 , M), where C G C(M ), C\ E C(Mi). 
Let X = W Umo (-W 7 ) be the double of W 7 along M . Then, the boundary of X is 
<9X = Mi U (—Mi). We prove the following result (Theorem 6.2): 

Theorem 2.4. 

(1) IfY c (W,M;C) < 0, then 

2nY (W, M; C) < Y(X, M l U (-Mi); C 1 U d). 

(2) IfYc(W,M;C) < 0, tien 

2^Y(Vy, M; C) < Y(X, M 1 U (-Mi); d U Ci). 

(3) Jf y(W,M) < 0, then 

2%Y(W, M) < Y(X, Mi U (-Mi)). 

When the manifolds dW = M = M , and Mi is empty, (in this case, the boundary of 
X = W Um (— W) is empty) the following holds (Corollary 6.3): 

Corollary 2.5. 

(1) UY C (W, M; C) < 0, then 2%Y (W, M; C) < Y(X). 

(2) IfY(W,M;C) < 0, then 2^Y(W,M;C) < Y(X). 

(3) IfY(W,M) < 0, then 2%Y(W,M) < Y(X). 

We use these results to show that there are many examples of manifolds with non-positive 
Yamabe invariant. In particular, we have (Corollary 6.4): 

Corollary 2.6. Let N be an enlargeable compact closed manifold. Then 

2^Y{N\int{D n ),S n - 1 ) < Y(N#(-N)). 

In particular, Y(N \ int(D n ), S* 1 ' 1 ) < 0. 

The rest of the paper is organized as follows. We prove Theorem 1.1 in Section 3. Then 
we prove the approximation theorems in Section 4. We give a gluing construction in 
Section 5. We analyze the Yamabe invariant for a double, and study the non-positive 
Yamabe invariant in Section 6. In the last Section 7 we define and study the moduli 
space of positive conformal classes and introduce conformal concordance and conformal 
cobordism. 
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3 Proof of Theorem 1.1 

Let g G TZiemc(W, M) be a metric, and {g{t)} be a variation of g in the space TZiemc{W, M), 
i.e. (?(0) = g. Thus we consider first a general variation, i.e. {g(t)} is not necessarily 
in the subspace 1Ziem° c (W,M) C 7?.iem c (W / , M). Now we need the following notations. 
Let h = jj\ t=Q g{t) be a variational vector, and 

9(t) = g{t)\ M , where g(0) = g. 

Remark. We observe that the condition g(t) G C implies that = fgij on M, where 
/ G C°°(M). 

Let r = r(t) be the distance function to the boundary M in W with respect to the metric 
g(t). Let z/ = be a unit normal (inward) vector field along the boundary dW = M. 

Let p G M, and {r, x 1 , . . . ,a; n_1 } be a Fermi coordinate system near p. We use indices 
a, (5 — 0, 1, . . . , n— 1, where correponds to the normal direction, and i, j, k — 1, . . . , n— 1 
are indices corresponding to the tangent directions (only on the boundary dW = M). 
We denote (•)' = ;!§(•) | t=0 > the variational derivative evaluated at t — 0. In order to 
prove Theorem 1.1, it is enough to prove the following formula. 

Claim 3.1. Let {g(t)} he a variation as above. Then 

( / R m du m ) = - j (Ric s - ^R s g, h)- g da- g - [ (2H' § + fH s ) da g . 

\JW J JW z JM 

Proof. We denote V and V corresponding Levi-Civita connections with respect to the 
metrics g and g. Standard calculation gives: 

(R m )' = -V a V a (Tr g h) + V a VPh aP -(Ric- g ,h) g , 

(da m )' = (\R- g g,h)- g d(j- g . 
The formula (4) together with Gauss divergence formula gives 

R- g {f)da m j = - / {Ric- g -\R- g g,h)- g do- g 
J Jw z 



(4) 



» » n— 1 

+ / (V(Tr s h),v)- g da g - ^(V e »(e Q)i /)^ 
Jm Jm a=0 



Here {e Q } = {u, ei, . . . , e n _i} is a local orthonormal field. We denote 



n— 1 



= (V(Tr^), z/) § , B /7 = - ^(Ve»(e a , u). 



a=0 



Let p G M be an arbitrary point of the boundary. As before, let v be a unit vector field 
normal (inward) to the boundary, such that V v v = 0, and {e^} be an orthonormal frame 
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near p in W such that V ei e 3 - = at p and t = 0. We emphasize that, in general, V ei ej 
does not vanish at p. We have the second fundamental form of M: 

Aij = A(e i ,e j ) = g(V e .ej,v) = -g(V e .v,ej). 

Then we have H = g %i ' the mean curvature of the boundary M. We have: 



n-l 



n-l 



i=0 



a=0 



Here {x a } = {r, x 1 , . . . , x n *} are a Fermi coordinate system near p in W, and d a = 
(and <9 a = e a at p). We have: 



<9x c 



- ^V^Tr^)^ 



1 



= -v«(i/) a --<vc& a /i),i/> s . 

Thus we obtain 

Bj = (V(Tr- g h), u)- g = - (2H' + 2V a (u') a ) ■ 
Now we compute the term B u . We have 



n-l 



n-l 



^2(Ve a h)(e a , v) = ^ (V ea h(e a ,u) - h(V ea e a ,u) - h(e a, V ea 



a=0 



a=0 



(5) 



since 



n-l 



71—1 



i=i 



n-l 



^V eQ z/ = V,z/ + ^V ei z/, V„i/ = 0, and 



Q = 



1=1 



n— 1 



n-l 



n-l 



k=i 



a=0 



i=l 



Notice that h tk = fg tk and V ei h(ej, v) = V ei h(ej, v). Thus we have 



n-l 



n-l 



B u = - J2(V ea h)(e a , v) = -V v h(y, ~ E V e ^(e J? v) + /i 00 # - fH. (6) 



a=0 



i=l 
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To continue, we notice that g(u, v) — 1 implies 

= g'{u, v) + 2g(v', v) = h(is, v) + 2g{u' , v). 

Also we have 

= V v h(v, v) + 2g(%i/, v) + 2g(u', V u v) = V v h{v, v) + 2g(V u u', v) 
since V v v = 0. Thus we have that 

2g(V u u', v) = -V v h(v, v). 
Then the identity g(v, e,) = implies 

= g'(u, a) + g(u', a) + g(u, e-). 
Notice that e- G T p M since G C. Thus 

= (?'(*/> e i) + #(V> e i)- 

Now it follows that 



n-l 



° = Y1 ( Ve ^( z/ ' ei ) + 9(V ei v', et) + g(i/, V 6i e;)) . 
i=i 

Notice that V ei ej = Hu, and Hg(u', v) = —^h(u, v). Thus we obtain 

n— 1 n— 1 

2^(V e V, ei ) = -2^V ei %,ei) + /ioo#- 

i=l i=l 

We combine (7) and (8) to obtain 



n-l 



a=0 

rt— 1 



n-l 



i=i 



= -V v h(v,v) -2j2^eM^ e i) + hooH. 



=i 



Now it follows from (5), (6) and (9) that 



n-l 



Bj + Bjj = -2H'-2V a (vT-VMv,v)-J2 V ^ h ^v) + hooH-fH 



i=i 

n-l 



= -2H' -Y^VeM^^-fH. 

i=l 

Denote 9(v) = h(u,v) for v G T X M, so 6* is a 1-form on M. We notice that 

V e £{e t ) = {V ei e){ej) + 0{V ei ej) = (V e ^)( ej ) since W ei ej = at p. 
Thus we have that 

B z + B u = -2H' -fH- V/ on M. 
This proves Claim 3.1 and concludes the proof of Theorem 1.1. 
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4 Approximation Theorems 

4.1. Kobayashi approximation lemma. First we reformulate several known facts in 
our terms. The following fact follows from a modification of the continuity property of 
the Yamabe constant due to Berard Bergery. 

Lemma 4.1. (cf. [1, Proposition 4.31]) Let g i7 g G lZiem Q c (W, M) be Riemannian met- 
rics, and Ci = [g~i], C — [g\. Assume that 

f 9i ~^ 9 m the C°-topology on W, and 
\ R Si — > R s in the C° -topology on W. 

Then Y 0i (W, M, C) - Y C (W, M, C). 

Now we recall the results due to O. Kobayashi [10]. 

Lemma 4.2. (O. Kobayashi, [10]) For any 5 > there exists a smooth nonnegative 
function ws, and there exists e(5) = \e~s such that y 

m f w s (t) = 1 on [0,e{5)] 

{ } \ w s (t) = on [5,oo), 
(ii) \tw s (t)\ < S for t > 0, 

(ii) \tw 5 (t)\ < 5 for t > 0. 

(see Fig. 4.1.) Fig . 4.1 

Lemma 4.3. (O. Kobayashi, [10]) Let g,g G H\em(W), and h = g — g. Then 
R g - R 9 = Pg{h) + Qg(h), where 

Pg(h) = -Ag(Tr-gh) + V'V^ - (/|, RiC, ) g , 

IQsWI < CdV/ilV + l^l-lV^I^ + d/il-lV^I + lRic^-l-l/il 2 )?), 

where the constant C > depends only on n = dimW^, and q G C^°(W) is a function 
satisfying q ■ g > g. 

Proposition 4.4. Let W he a manifold with boundary dW = M, and let metrics g,g G 
1Ziem c (W, M) such that j x M g = j l M g (i.e. g coincides with g up to second derivatives on 
M), and Rg = Rg on M. Then the family of metrics 

g s =9 + w s (r)(g - g) G niem c (W, M) 

satishes the following properties: 
(i) gs — > g in the ^-topology on W (as 5 — > 0), 
(ii) Rg s — > i?g in the C° -topology on W (as 5 — > 0), 

(iii) g s = g on the collar U S (M, g) = {x e W \ dist 5 (x, M) < e(5)}, 

(iv) 3 { E3 0fliy\[/ £(5) (M,3). 
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Proof. The statements (iii), (iv) are obvious. We prove (i) and (ii). 

(i) The function w$ is such that supp(u>«5) C [0,5]. Then it follows 

95-9 = w s (r)(g - g) = 0(r 2 ), 
thus gs ^ g in the C°-topology on W. Furthermore, 

d(gs -g) = w 5 (r)(g s - g) + w 5 (r)d(g - g). 
By the condition on the metrics g$, g, 

~g s -g = 0(r 2 ), d(~g s - g) = 0(r). 
We use Lemma 4.2 to estimate 

\dgs - dg\ < \w s (r)r\ ■ + w s (r) ■ 0(r) < 50(5) + 0(5). 

r 

Thus dgs — > dg in the C°-topology, i.e. g$ — > g in the C 1 -topology on W. 

(ii) We use Lemma 4.3 to write 

R g s - R S = p s( w s( r )(98-9))+Qg(ws(r)(g8-g)), 

w s(r)(R~ gs - Rg) = w s (r)Pg(g s - g) +w s (r)Q s (gs - g). 
We use again Lemma 4.3: 
\ p -g{w&(r)(gs - g)) - w s (r)P- g (gs - g)\ 

< C (\w 5 (r)\ ■ Mr) | • \~g s -g\ + \Mr)\ 2 • \~9s -g\ + \w s (r)\ • MOI • TO* " §)\) 

C [(\w s (r)r 2 \ + |^(r)r| 2 ) « + |^(r)r| • ^) < C 1 5. 



< 

Similarly we obtain 



\Q-g(w 5 (r)(~g 5 -g))\<C 2 5, 

\w5(r)Qg(~gs-g))\<C 3 5. 
Notice that 

\w 5 (r)(R §s - R- g )\ < C,5 
since R g = Rg on M. Thus we oblain: 

\Rg 6 -R s \ < \Pg(w s (r)(g s -g))-w 5 (r)P-g(gs-g)\ + 

\Q- g (ws(r)(gs -g))\ + \Mr)Q S (9s - §))\ + \w 5 (r)(R gs - R s )\ 

< (d + C 2 + C 3 + C A )5. 

Here Cj (j = 1, ... ,4) are positive constants independent of 5. Thus R gs — > i?§ in the 
C°-topology on W. □ 
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Proposition 4.5. (Kobayashi Approximation Theorem, cf. [10, Lemma 3.2]) 
Let W be a manifold with boundary dW = M, C e C(M). Let g G 7Hem c (W, M) 
be a metric (respectively g G lZiem° c {W, M)). Let g = (}\m, and Ag be the second 
fundamental form of M = dW. There exists a family of metrics gs G lZiemc(W, M) 
(respectively gs G 7£iem^(W, M)) such that 

(i) gs — > g in the C 1 -topology on W (as 5 — ■> 0), 

(ii) Rg g — > i?g in tie C°-topoIogy on (as <5 — > 0), 

(iii) gs conformally equivalent to the metric (g — 2rAg) + dr 2 on U £ ($)(M,g), 

(iv) g s = g onW\Us(M,g). 

Proof. First, we note that the exponential map exp : T^M — > W sends (x,r ■ v) G 
T^M to exp x (r • v) = (x, r) G W. On M we have 

#oo = g(d r , d r ) = 1, g' 0Q = d r g(d r , d r ) = 2g(V 9r d r , d r ) = 0, 

9oi = g(d r , di) = 0, g' 0i = d r g(d r , 9<) = (?(V 9r 9 r , <%) + ^(9 r , V dr di) = 0, 

= dj) = gij, g[j = d r g(d { , dj) = g(V dr di, dj) + g(d u V dr dj) = -lA^. 

Here we used that 
V ' drd r = 0, V ' drdi = — A\d k , which implies 

g(d r , V dr di) = g(d r , -Afd k ) = 0, and 

g(V dr di, dj) + g(di, V dr dj) 



= g(d t , -A%) + g(-A*d k , dj) = -2A ir 




Fig. 4.2. 



We define new metrics g and G near M and compare them with the metric g: 
g(x, r) = (gij(x) - 2rA {j (x) + 0(r 2 ))dx i dx j + 0(r 2 )drdx i + dr 2 , 
g(x,r) := (gij(x) — 2rA i j(x))dx l dx : > + dr 2 , 
G(x,r) := gij(x)dx l dxi + dr 2 . 
Clearly j l M g = jj^g, and, in general, j l M g ^ j l M G. We notice 

R- 9 \m = RG + 2RiCg(v,is) + \A s \ 2 g- H?, 
= Rg + 2Kic g (v,v) + \Ag\ 2 g -Hl 

We define a metric 

9 = (9ij) ■= (9ij(x) - 2rAij(x)) 



11 



on each hyperseface M x {r} C W (for small r). Then we have 

3 1 

R 9 = R 9 + l\ d r9ij\ 2 g ~ 9 %1 ' %9ij ~ ^ Ydij ' dr9ij? 

= R g + 3\Ag\ 2 g — H? + 0(r) near M, and 
R g = R g + 3\A- g \ 2 g - H? onM. 

4 

We choose the conformal metric g(x,r) = u(x : r) : ^ ■ g such that j^g = j x M g by giving 
u the boundary conditions: 

u(x,0) = l, d r u(x,0) = on M. 

We have 

- 1) . „ „ n+2 

-AgU + RgU = RgU"- 2 , OT 



n-2 



. n — 2 / n±2 \ 

We specify A^w on M: 

A g u = V a d a u = g a P (dadpu-Tl^u) 

= d 2 u + g ij did jU - T° 00 d r u - F 00 d iU - g lj (v%d r u - f £.0 fc «) = d> 

since didjU = 0, <9 r w = 0, and d(u = on M. Here we use the u(x, 0) = 1, d r u(x, 0) = 
on M. Thus we obtain that on M 

n — 2 

d 2 r U = A S U=-^— T) (R~g-Rg) 

n ~ 2 (R~ 9 -(R 9 + 3\A- 9 \l-H 2 )). 



4(n - 1) 

We let r) := 1 + |r 2 (/?(a;) near M, where 



n — 2 

^) = - 77: n (^k-(^ + 3|A g |;-i/ g 2 )) 



4(n- 1) 

n-2 
~4(ra- 1) 

Then the metric 



(10) 



(Rg\M - Rg) ■ 



4 

4 / 1 \ ™~ 2 

£ = . g = M + -r 2 ip(x) J [fo - 2rA) + dr 2 ] 



12 



is such that jj^g = jj^g, and R g = R s on M. We use Proposition 4.4 to define a family 
of metrics g$: 

gs = g + w s (r) -(g-g)e lZiem c {W, M). 

We also notice that 

C = [g\ M \ = [g\u\ = [g\u\ = \9s\m\, and 

H 9 = 0=>H d = 0=>H s = 0=>H St = 

since Ag = A g , d r u = on M, and g = gs near M. Then g G T&em^W 7 , M) implies that 
g# G TZiem i ^(W, M). □ 

4.2. The approximation trick under minimal boundary condition. One notices 
that the above results do not allow to use a metric which is conformally equivalent 
to a product metric near the boundary to approximate the relative Yamabe constant 
^(W, M; C). This is the problem which we address and solve here. 

Theorem 4.6. (Approximation Trick) 

Let W be a manifold with boundary dW = M, C G C{M). Let g G Kiem^W, M) be a 
metric. Let g — g\ M , and Ag be the second fundamental form of M = dW. There exists 
a family of metrics g$ G T&em^W 7 , M) such that 

(i) gs — > g in the C° -topology on W (as 5 — > 0), 

(ii) R 9s — >■ R s in the C°-topology on W (as 5 — > 0), 

(iii) gs conformally equivalent to the metric g + dr 2 on U £ (s)(M,g), 

(iv) ~g 5 = gonW\Us(M,g). 

Remark. In order to control the scalar curvature without the minimal boundary condi- 
tion, one needs the C 1 -convergence of metrics as in Proposition 4.5. Furthemore, when g 
is not totally umbilic on M, the metric g can never be approximated in the C 1 -topology 
to a metric which conformally is a product metric near the boundary. However, we 
emphasize that the convergence in (i) of Theorem 4.6 is the C°- convergence only. The 
minimal boundary condition plays a crucial role to achieve the C°- convergence for scalar 
curvatures in (ii). 

Proof. There are two steps in the proof. 

Step 1. First, Proposition 4.5 allows us to assume that the metric g is such that 

9 = U + j<P(x)\ [(g(x) - 2rA- g (x)) + dr 2 ] on a collar U So (M, g), 

where {x, r} = {x 1 , . . . , x n ~ 1 ,r} denotes a Fermi coordinate system near each point of 
M, and tp(x) is the C^-function on M defined by (10). 

For each positive 5 < 5 , let Gs G THem^CW, M) be a metric defined by 

Gs(x,r) = g(x,r) +w 5 (r) ■ (G(x,r) - g(x,r)) 

= g(x) — 2r(l — ws(r)) ■ Ag + dr 2 . 
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Here g(x,r) and G(x,r) are given by 

g(x,r) = (g(x) — 2rAg(x)) + dr 2 , 

G(x, r) = g(x) + dr 2 



on U s (M,g). 



We also let gs(x,r) = g(x) — 2r(l — ws(r)) ■ A s (x) on Ug(M,g). It follows then from 
Lemma 4.2 that near M the scalar curvature of the metric G$ satisfies 

3 1 

Rg 5 = R 9 + -^d r {g s )ij\] s ~ 9s ■ dr(9s)ij ~ ^5 • d r (gs)ij\ 2 

= R g + 3(1 - Wi(i)) 2 |A g |2 - (1 - w s (t)) 2 H? - (4w s (r) + 2r • w 5 {r))H g + 0(5). 
We use the minimal boundary condition H s = to obtain 

R Gs =R g + 3(1 - Wi(r)) 2 |AglJ + °( s ) near M - 
Step 2. We define now the metric g$ E TZiem c (W : M) as follows: 

4 

&(x,r) = (l + y^(x,r)J -G tf (a;,r) (11) 



on U 5 (M,g), with 



W(s,r) = ¥>(*) - |^|y(2 - u^r))*^)^;. (12) 



We obtain that the assertions (iii) and (iv) hold since Gs = g + dr 2 on the collar 
U £ (s)(M,g), and G$ = g, and <p s — <p outside of the collar Us(M,g). By construction 

G s — ► g, and —ip s (x,r) — ► -j<f(x) 

in the C°-topology on W as 5 — ► 0. Thus the assertion (i) holds. Finally, the scalar 
curvature R gs is given by 

Rg, = (l + ^(x,r))"^ [-^(l + ^rjl + ifc^l + ^r))] 
= (1 + 0(5 2 )) + 3(2 - «,,(r)) • W ,(r) • |^| 2 + ifc, + 0(5)] 

= R Gs + (R- g -Rg- ?>\A-g\ 2 g) + 3(2 - w s (r)) ■ w s (r) ■ \A g \ 2 g + 0(5) 

= Rg + 3(i _ Ws (r)) 2 \A- g \ 2 g + (R- g -R g - 3\A- g \ 2 g ) + 3(2 - w s (r))w s (r)\A- g \ 2 g + 0(5) 

= R- g + 0(5) on W as 5 — > 0. 
This implies the assertion (ii) and completes the proof of Theorem 4.6. □ 
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5 Gluing Theorems 



5.1. Setting. Here we would like to analyze the gluing procedure for manifolds equipped 
with conformal structures. Let W\, W 2 be two compact manifolds, dimWi = dimW^ > 
3, with boundaries 

dWi = Mi = M U M, and dW 2 = M 2 = M U M' 

endowed with conformal classes C 1 = C U C G C(Mi), C 2 = C U C G C(M 2 ), where 
C G C(M ), C G C(M), C" G C(M'). Let W = W t U Mo (-^ 2 ) be the boundary 
connected sum of W\ and W 2 along M (see Fig. 5.1). 

Remark. The boundary of the manifold W is dW = M U M' with appropriate orienta- 
tion. We consider both cases when dW = and dW ^ 0. 

Recall that a conformal class C G C(M) is positive if Yb(M) > 0. 




Fig. 5.1. Manifold = Wi U Mo (-W2). 



Theorem 5.1. Let C G C(M ) be a positive conformal class, and Y(Wj, Mj\ Cj) > 
for j = 1, 2. Tiien ^(W 7 ", CUC')> 0. 

Remark. We do not assume that the conformal classes C G C(M), C G C(M') are 
positive. 

5.2. Proof of Theorem 5.1. There are four steps in the proof. 

Step 1. First we notice that since C G C(M ) is a positive conformal class, there exists 
a metric h G Co on Mo with i?^ > 0. The metric h do not have to be a Yamabe metric. 
We fix the metric h. The condition Y(Wj, Mj; Cj) > (for j = 1,2) implies that there 
exist conformal classes Cj on Wj so that dCj = Cj, i.e. (Cj, Cj) G C(Wj, Mj). We denote 

Y c .=Y c .(Wj,Mj;Cj)>0, j = 1,2. 

Let <7j G Cj be such that gj\u = h. Moreover, we may assume that cjj G Cj (i.e. that 
H- gj = 0onMj). 
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Remarks. (1) The metrics gj G Cj do not have to be relative Yamabe metrics, more- 
over, their scalar curvature R Sj is not positvive, in general. 

(2) The union C^UcC® does not make sense as a conformal class on W since this union, 
in general, fails to be smooth along Mo. 

Step 2. Theorem 4.6 and (11), (12) imply that for any e > there exist conformal 
classes Cj on Wj and metrics gj G Cj (j = 1, 2) such that 



dCj — Cj, 
9 j ~ 9j, 



C°-close on Wj, which implies \Y@. — Yq.\ < e. 



4 
n-2 



^ = (l + Yfj) " ' ■ ( h + dr<2 ) near M i in W r 
Here the function is defined by 



n-2 



/j = - 4 ( n _ ^ (% I Af - -Rft + 3 1 A 5 . | on M in each W,- . 

From now on we only need the conditions Yq. > (j — 1, 2). Therefore we may assume 
that fj < on M since the relative Yamabe constant Yg, is invariant under pointwise 
conformal change. 




! M x[0,£] 




Fig. 5.2. Manifold X = W X U Mo (M x [0,£]) U M() (-W 2 ). 

Let £ be a positive constant. We define the manifold X which is diffeomorphic to W as 
follows (see Fig. 5.2): 

X — Wi U Mo (Mo x [OJ]) U Mo (-W 2 ) 

Now we need the cut-off function w$ defined in Lemma 4.2. Then for each 5, < 5 < i, 
we define a metric g on X as follows. 



9 



on Wi, 
on W 2 , 

on M x [0,5], 
on M x [5,1-5], 

k (l + ^^u> 5 (£-r)/ 2 )^(/i + dr 2 ) onM x[<-i,4 



0i 

(l + ^(r)A)^(/i + dr 2 ) 

(<-r) 



Clearly ^ is a C°°-metric on X W. Let (5 = [g] G C(W). 

Remark. The metric g does not have, in general, positive scalar curvature. 
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Step 3. Let j = 1, 2. Denote uj the first eigenvalue of the Yamabe operator on Wj for 
the Neumann boundary condition. Then 



Vj = inf 



The relative Yamabe constants > since Y@. > Yq — e, j = 1,2. Thus it follows 
that fj > 0. Notice that the conditions Rh > on M and /j < (j = 1,2) imply that 
Rg > on the cylinder M x [0, i\ for small 5 > 0. 

Let v cy i be the first eigenvalue of the Yamabe operator on M x [0, t\ for the Neumann 
boundary condition. We have 

Im x[oa (^?\ du \! + R 9 u2 ) da 9 
inf f ^ • 

It follows that z/ cy ; > since R g > 0. 

Step 4. Let z/ be the first eigenvalue of the Yamabe operator on X = W for the 
Neumann boundary condition, which is equal to 

fx(^\du\i + R~ 9 u>) dag 

V = mf f ~A • 

We conclude that v > min {vi, V2, ^cyi} > by [3, pp. 18-19]. The condition v > is 
equivalent that there exists a metric g e [g] such that R~ > on X = W and H g = on 
OX = dW. Thus Yj~] (X, <9X; C U C") > 0, and this implies Y(W, M U M'; C U C) > 0. □ 

Remark. We emphasize that we can choose I > to be small by choosing small 5 > 0. 

5.3. Manifolds with positive Yamabe invariant. Here we would like to show that 
there are many examples of manifolds with positive relative Yamabe invariant. 

We start with a closed compact manifold N, dimiV > 3 with Y(N) > 0. We choose a 
small disk D n C N centered at x G N, then <9(iV \ int(D n )) = S n -\ Let C G C^"" 1 ) 
be the standard conformal class. (In particular, Co is a positive class.) 

Theorem 5.2. Let N be a closed compact manifold, dimiV > 3 with Y(N) > 0. Then 
Y(X\int( J D ri ), 1 S n ~ 1 ;C ) > 0. 

Proof. We use [10, Corollary 3.5.] to choose a conformal class C G C(N) with the 
Yamabe constant Yq(N) > 0, and a metric g £ C, such that 

• ^ is conformally flat near x G iV, 

• > on N. 

Thus (as it was observed, say, by Gromov-Lawson [7]), there exists a metric g on the 
manifold N \ mt(D n ) such that 
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. d[g]=C EC(S n - 1 ), 

• Rg > on A^\int(D n ), 

• g = gsn _ x + dr 2 near S^ 1 = d(N \ int(£> n )), [g S n-i] = C . 

Thus Y [g] (N \ mt(D n ), S 11 ' 1 ; C ) > and Y(N \ int(D n ), S"" 1 ; C ) > 0. □ 

5.4. The double. Let W be a compact manifold with cW = M = M UMi. We define 
the manifold X = W U M() (— W 7 ), the double of along M (see Fig. 5.3). 

Remark. Here the other boundary component Mi of dW may be empty or not. 




Fig. 5.3. 

Theorem 5.1 immediately implies the following. 



Corollary 5.3. Let C = C U d G C(dW) (C G C(M )) aiid d G C(Mi). Let 
F(Vy, dW; C) > 0. TLen Y(X, M x U (-Mi); Ci U d) > 0. 

6 Non-positive Yamabe invariant 

6.1. Setting. Let W be a compact smooth n-manifold with boundary dW = M ^ 0, 
and M = M U M 1 . (Here M x may be empty.) Let (C,C = C U Ci) be a pair of 
conformal classes on (W, M), where C G C(M ), C\ G C(Mi). Similar to the case of 
closed manifolds, we first notice the following. 

Proposition 6.1. (cf. [10, Lemma 1.6]) Suppose Y C {W,M;C) < 0. Then, for any 
9 G 0°, 

(min.R^Vol^lF) 2 /™ < Yc(W,M;C) < (ma^Rg)Vo\- g (W) 2,n . 

Let X = W U Mo (-W) be the double of W along M . Then, the boundary of X is 
dX = Mi U (—Mi). We use Proposition 6.1 and Theorem 4.6 to prove the following 
result. 

Theorem 6.2. 

(1) IfY c (W,M;C) < 0, then 

2%Y C (W, M- C) < Y(X, Mi U (-Mi); C x U C x ). 

(2) IfY c (W,M;C) < 0, then 

2%Y(W, M; C) < Y(X, M x U (-Mi); d U d). 

(3) Ify(Vy,M) < 0, then 

2%Y(W, M) < Y(X, Mi U (-Mi)). 
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Proof. Clearly (1) =>- (2) =>- (3). Thus it is enough to prove (1). Notice that if 
Y(X, M 1 U (-Mi); d U d) > then (1) holds trivially. 

Let Y(X, Mi U (_-Mi); Ci U d) < 0. We choose a conformal class C G C(W). Then for 
a generic class C there is a relative Yamabe metric <? G C°. Theorem 4.6 implies that, 
for any e > 0, there exists a metric g G C such that g := <?|m = <?|m, and 

g ~ g C°-close on W, which implies |Vol$(W)« — Volg(W)«| < e, 
\R S — R g \ < e on W, 

g = (1 + !±f(x)) — (g + rf r 2 ) near M CW. 

We define g:=gUgonX = W Um (— W). The metric g is smooth by construction. 
Let C := C U (7 G C(X). By Proposition 6.1 we have 

Y d (X, Mi U (-Mi); d U d) > (mini^) Vol^X)* > 2- (min^) Vol d (W)» 

> 2»(Rg - e)(Vol g (W)» - e) > 2»i2 g Vol g (W)2 - Ke 

= 2^Y C (W,M,;C) - Ke. 

Here the constant K > is independent of e. Thus 

Y(X, Mi U (-Mi); d U d) > 2$Y (W, M, ; C). □ 

When the manifolds dW = M = M , and M x is empty, (in this case, the boundary of 
X = W Um (-W) is empty) the following holds. 

Corollary 6.3. 

(1) If Yc(W,M;C) < 0, tlien 2$Ye(W,M;C) <Y(X). 

(2) If F(H/,M;C) < 0, then 2%Y(W,M;C) < Y{X). 

(3) IfY(W,M) < 0, tien 2^y(W,M) < Y{X). 

Now let iV be a smooth compact closed manifold, dimiV = n, and D n C iV be an 
embedded disk. Let = iV \ int(L> n ), with = S n ~ l . 

Remark. Let iV be an enlargeable manifold (see [8]). Then the manifold N#(—N) = 
W Ugn-i (-W) is also enlargeable. Thus Y(N#(-N)) < 0. 

Corollary 6.4. Let N he an enlargeable compact closed manifold. Then 

2^Y{N\mt{D n ),S n ~ 1 ) < Y(N#(-N)). 

In particular, Y(N \ mt(D n ), S n - r ) < 0. 

Examples. Let T n be a torus, H n be a hyperbolic space, and T be a discrete group 
acting freely on H n , so that H n /T is a compact manifold. Then we have 

Y(T n \ int(D n ), S^ 1 ) < 0, F((H n /r) \ int(D n ), S n - 1 ) < 0. 

Remark. Let Wj be a compact smooth n-manifold with boundary dWj = Mj, for 
j = 1,2. Let (W,M) = (W u Mi) U (W 2 , M 2 ) be the disjoint union of Wi and W 2 . Let 
C = d Ud be a conformal class on Mi UM2. Similar to the case of closed manifolds, we 
can show that the same inequalities as those of [10, Corollary 1.11] hold for the relative 
Yamabe invariants Y(W, M; C) and Y(W j: Mf, Cj) (j = 1, 2). 
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7 Notes on moduli spaces 



7.1. Moduli space of positive scalar curvature metrics. Let M be a closed 
manifold admitting a positive scalar curvature metric. Then one has the space of psc- 
metrics 

ftiem + (M) = {g G ftiem(M) | R g > 0} . 

It is known that this space has, in general, many connective components, and that 
its homotopy groups are nontrivial. For simplicity we assume that M is an oriented 
manifold. We denote Diff + (M) the group of diffeomorphisms preserving the orientation. 
Then the group Diff + (M) naturally acts on the space of metrics by pulling back a metric 
via a diffeomorphism. Clearly this action preserves the space TZiem + (M). Then the 
moduli space of psc-metrics is defined as M + (M) = 7£iem + (M)/Diff+(M). It is very 
challenging problem to describe (in some reasonable terms) the topology of the moduli 
space Ai + (M). We suggest here to give an alternative model of the moduli space of psc- 
metrics. First, we suggest to start with the space C + (M) of positive conformal classes. 
Clearly there is a canonical projection map p : TZiem + (M) — > C + (M), which sends a 
metric g to its conformal class [g\. We prove the following fact. 

Theorem 7.1. Let M be a closed compact manifold with dim M > 3. Then the natural 
projection map p : 7£iem + (M) — > C + (M) is weak homotopy equivalence. 

Proof. We start with the following easy observation. 

Lemma 7.2. Let C G C + (M), and go,gi G C be psc-metrics. Then g and g\ are 
psc-homotopic, i.e. there exists a smooth family {<?(0}te[oi] e ^ °t psc-metrics with 
0(0) = 9o, g{l) = 9i. 

4 

Proof. Indeed, we have that R go > 0, and g\ = u n - 2 g for u G C^°(M) with the scalar 
curvature 



n+2 



4(n- 1) 
(n-2) 



R gi = u n-2 I — 1 + R go u ) > 0. 



4 

Then the curve of metrics g(t) = u(t) : ^ =2 ~go G C with u(t) = ut + (1 — t) > is such that 



R 9 (t) = u(t)-& (- ^_^ Au(t) + R go u(t)^j 

4(n-l) 



= U(t) "- 2 t 



-Au + R go u 



+ (1 - t)R, 



, . n + 2 / n + 2 , , \ 

u(t)~— (tR gi u— + (1 - t)R go J > 



n + 2 



since the functions R gi u™- 2 and R go are both positive. □ 

Now let P(C) = {g G C | R g > }. Clearly C ^ C™(M) is a convex set. 
Lemma 7.3. The subset P(C) C C is a convex and contractible set. 
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Proof. First we check that P(C) is convex. Indeed, let g G C be a Yamabe metric, with 
Rg = const. > 0. Then for any g G P(C) there exists a unique function u G C^°(M) so 

4 

that g = u^g. Thus we identify P{C) with the following subspace of positive smooth 
functions 

P(C) — G C~(M) | — Am + > 0} . 

A homotopy F t : -P(C) — >■ P(C) given by 

F t (g) =u^(t)g with = ut + (1 - t) 

is well defined by Lemma 7.2. Futhermore, i*\ = Id, and i*o sends the set P(C) to a 
single point g G P{C). Therefore P{C) is convex, and since P{C) is a subspace of the 
convex space C+(M), it is and contractible. □ 

We notice that both spaces 7£iem + (M) and C + (M) have homotopy types of CW-complexes 
Thus we can assume (up to homotopy equivalence) that p : TZiem + (M) — > C + (M) is 
a fibration. Since p _1 (C) is contractible for any conformal class C, we obtain that p 
induces isomorphism in homotopy groups p* : 7ik(TZiem + (M)) = rr k (C + (M)). □ 



Thus in the homotopy category one does not loose any information by replacing the 
space 7£iem + (M) by the space of positive conformal classes C + (M). 

The space C(M) is the orbit space of the action (left multiplication) of the group C+(M) 
on the space of metrics IZiem(M). It is convenient to refine this construction (as it is 
done in [11]) for manifolds with a base point. 

Let xq G M be a base point. We consider the following subspace of C^°(M): 

CZ (M) = {ueC?(M)\u(x ) = l}. 

Then let C XQ (M) be the orbit space of the induced action of C^ XQ (M) on IZiem(M). 
Clearly there is a canonical map p\ : C XVi [M) — > C(M) which is a homotopy equivalence 
since Pi\C) ^ R. Let 

Ct (M)=p? (C + (M)). 

To construct an appropriate moduli space we assume that M is a connected manifold, 
and consider the following subgroup of the diffeomorphism group Diff + (M): 

DiS X0:+ (M) = {if G Diff + (M) I <p(x ) = x , dip = Id: TM Xo -> TM XQ } 

The group Diff XQi+ (M) inherits the action on the spaces C(M) and C XQ (M). It is easy to 
prove the group Diff XOi+ (M) acts freely on the space C XQ (M) (perhaps, it is important 
that M is connected). 

Clearly the space C x (M) of positive conformal classes is invariant under this action. We 
define the moduli space -M^ nf (M) of positive conformal structures as the orbit space 
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of the action of Diff XOi+ (M) on C+ (M). One obtains the diagram of Serre fiber bundles 

C: (M) * . C X0 (M) 

^: , conf (M) 3Diff XOi+ (M) 

Here 5Diff X0)+ (M) is the classifying space of the group Diff XOj+ (M) which we identify 
with the orbit space C xo (M)/Diff XOj+ (M) (since the action is free, and the space C X0 (M) 
is contractible). We address the following problem. 

Problem 7.4. What is the rational homotopy type of the space M. XQ con {(M)? 

7.2. Conformal isotopy and concordance. It is well-known that isotopic psc-metrics 
are concordant, see [7] and [6]. It is still not known if the converse is true; (we quote 
[12]) "indeed, there is no known method to distinguish between isotopy classes of positive 
scalar curvature which is not based on distinguishing concordance classes." We would 
like to address the "conformal analogue" of this problem. 

Let C , Ci G C + (M) be two positive conformal classes. One defines an isotopy of positive 
conformal classes in the obvios way. We say that the conformal classes C and C 1 are 
conformally concordant if 

Y(M x [0, 1], M x {0, 1} ; C U d) > 0. 

Theorem 5.1 implies the following result: 

Corollary 7.5. Conformal concordance is an equivalence relation on C + (M). 
We would like to spell out the following conjecture: 

Conjecture 7.6. Let M be a closed compact manifold admitting a psc-metric, n > 5. 
If C ,Ci G C + (M) are conformally concordant, the the classes C ,Ci are isotopic in 
C+{M). 

7.3. Conformal cobordism. Once we would like to describe the whole world of man- 
ifolds equipped with psc-metrics, we are led to a concept of cobordism. Two manifolds 
(M ,<7 ), (Mi,<7i) with psc-metrics go,gi, are said to be psc-cobordant if there exists a 
manifold (W : g) with dW = M U (—Mi), and a psc-metric g, so that: 

(1) g\ M] = gj, j = 1,2, 

(2) g = gj + dr 2 near Mj. 

We emphasize that the metric g must be a product metric near the boundary. The psc- 
cobordims was used in several papers [2], [6], [9], [13]. For instance, S. Stolz described an 
adequate psc-cobordism category where given manifold M fits in (see [13]). This category 
is determined by the fundametal group 7Ti(M) and the first two Stiefel- Whitney classes 
of M. 
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We define the conformal analogue of the psc-cobordism relation by means of the relative 
Yamabe invariant. Let (Mo, Co), (M\,Ci) be two manifolds equipped with positive 
conformal classes. We call such manifolds positive conformal manifolds. Then (Mo, Co), 
(Mi, Ci) are conformally cobordant if there is a manifold W, with dW = Mo U (—Mi), 
and such that the relative Yamabe invariant 

Y(W, M U (-Mi); C U d) > 0. 

Again, Theorem 5.1 implies the following result: 

Corollary 7.7. Conformal cobordism is an equivalence relation on the category of pos- 
itive conformal manifolds. 

Remark. The definition of the conformal cobordism may be essentially refined in the 
way suggested by S. Stolz [13]. This leads to the corresponding conformal cobordism 
groups. We are studying these cobordism groups in another paper. 
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